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^ : Abstract 

Qh' In this article, we will discuss the smooth {Xm + V~ llM)-iiivariant forms on M and 

■^ , to establish a localization formulas. As an application, we get a localization formulas 

^T) [ for characteristic numbers. 

The localization theorem for equivariant differential forms was obtained by Berline and 
rh ' Vergne(see [2]). They discuss on the zero points of a Killing vector field. Now, We will discuss 

Q ■ on the points about two Killing vector fields and to establish a localization formulas. 

Let M be a smooth closed oriented manifold. Let G be a compact Lie group acting 
smoothly on M, and let g be its Lie algebra. Let g'^'^'^ be a G-invariant metric on TM. If 
X,Y E Q, let Xm,Ym be the corresponding smooth vector field on M. li X,Y G 0, then 
XM,yM are Killing vector field. Here we will introduce the equivariant cohomology by two 
Killing vector fields. 
>' 

\o _ 

§ ■ 1 Equivariant cohomology by two Killing vector fields 

en ' 

t:;;;}^ [ Flrst, Ict US rcvlcw the definition of equivariant cohomology by a Killing vector field. Let 

O ' Q*[M) be the space of smooth differetial forms on M, the de Rham complex is {Q*{M),d). 

Let Lxnf be the Lie derivative of Xm on f2*(M), ix^ be the interior multiplication induced 

by the contraction of Xm- 

5^ : dx = d + ixM, 

then d'j^ = Lx^ by the following Cartan formula 



Lxm — [d■,'ix^ 



Let 



fi^(M) = {uje n*{M) : Lx,,UJ = 0} 

be the space of smooth Xi^-invariant forms on M. Then d\uj = 0, when u G Q*x{M). It is 
a complex {Q*x{M),dx)- The corresponding cohomology group 

Kerdxbj(M) 



H*xiM) 



Imdx|n;,(M) 



is called the equivariant cohomology associated with X. If a form u has dx^ = 0, then u 
called dx-closed form. 
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Then we will to definite a new complex by two Killing vector field. If X,Y G Q, let 
Xm, Ym be the corresponding smooth vector field on M. 
We know 

Lxm + y^^YM 

be the operator on VL*{M) ®^ C. 
Set 

be the interior multiplication induced by the contraction of Xm + a/— TYm- It is also a 
operator on Vt*{M) (g)]R C. 
Set 

Lemma 1. If X,Y G Q, let Xm,Ym be the corresponding smooth vector field on M; then 

Proof. 

{d + Ixm+V^Ym)^ = id + ixM + V^iYM)id + ixm + v^^^nJ 

= d^ + dixM + ^Xud + \f-^diYM + v^-I^Fm^ + {^Xm + v^-1^1m)^ 
= Lxm + v-I-^Ym 

D 

Let 

be the space of smooth {Xm + V ~ 1 ^m ) -invariant forms on M. Then we get a complex 
(^x +A/^y (^)) ^x+v^^y)- ^^ "^^ll ^ form u is dx+v^^y"*^!*^^^*^ i^ dx+^fiiY^ = (this is 
first discussed by Bimsut, see [3]). The corresponding cohomology group 

Kerdx+^3TYb^, ^y(^^) 
^+^/ Imdx+^-TYb^^^Y(M) 

is called the equivariant cohomology associated with K. 

2 The set of zero points 

Lemma 2. If X,Y G g, let Xm,Ym be the corresponding smooth vector field on M, X ,Y 
be the 1-form on M which is dual to Xm-, Ym by the metric g'^^ , then 

Lx^ + Ly^^X' = 

Proof. Because 

{Lx^u){Z) = Xm{uj{Z)) - u;{[Xm, Z]) 

here Z G r(TM), So we get 

{Lxy){Z) =Xm<Ym,Z>-< [Xm. Z\Ym > 



{LY,,X')iZ) = Ym <Xm,Z>-< [Ym, Z],Xm > ■ 
Because Xm,Ym are Killing vector fields, so (see [6]) 

Xm < Ym, Z > =< Lxj^fYM, Z > + < Ym, Lx^Z > 

= < [Xm, Ym],Z> + < Ym, [Xm, Z] > 



Ym < Xm, Z > —< Lyj^^Xm, Z > -\- < Xm, Lym^ > 



then we get 



=< [Ym, Xm],Z> + < Xm, [Ym, Z] > 



{Lx^ + Ly,,X'){Z) =< [Xm, Ym],Z> + < [Ym, Xm],Z >= 



D 



Lemma 3. If X,Y G g, let Xm,Ym be the corresponding smooth vector field on M, X ,Y 
be the 1-form on M which is dual to Xm,Ym by the metric g^^ , then 

dx+^iviX' + V^Y') 

is the dx+,/:riY-c-losed form. 

Proof. 

.(X' + v^y') = dx+^,Y{d{x' + v^y') + ix,,+^,Y,Ax' + ^f^y')) 



d^ ^ , 



di 



Xm+V^Ym 



{X' 



-VY 



'X. 



-IYm 



AX' 



-IF 



LxmX - Ly^Y 




-l{Lx,y + Ly,,X' 



So dx+^/^YiX + \/^Y ) is the (ijS(^_|_^/^y-closed form. 
Lemma 4. For any r] G H*x, /^y(^) '^'^'^ s >Q, we have 



Proof. Because 



/ ?7= / eM-s{dx+^iY{X' + V^Y'))}7^ 
Jm Jm 

^J^eM-s{dx+^iY{X' + v^l^'))}r/ 

/ {dx+^iY{X' + v/^y')) eM-<dx+^,Y{X' + ^/^Y'))}r^ 
Jm 



and by assumption we have 



So we get 



dx+./^YV = 
c^x+v^yexp{-s(rf^+^3Ty(X' + y/^Y'))} = 

(rfx+v^y(^' + V^Y')) eM-sidx+^iYiX' + V^Y'))}r^ 
= dx^^^YiiX' + V^Y') eM-sidx+^^YiX' + v^Y'))}v] 



D 



and by Stokes formula we have 

d 



ds 



f exp{-sfe+^^(X' + v^y'))}r/ = 

J M 



Then we get 



[ r]= [ exp{-sid^^^,y{X' + V^Y'))}r] 

J M Jm 



n 



We have 

dx+V^viX' + y^Y') = d{X' + V^V) + {Xm + v^Ym, Xm + v^Ym) 

and 

{Xm + v—IYm,Xm + v—IYm) = \Xm\ — |^m| + 2v—l (-^Mj^m) 

Set 

Mo = {xeM\ {XMix) + V^YMix),XMix) + V^YMix)) = 0}. 

For simphcity, we assume that Mq is the connected submanifold of M, and A/" is the normal 
bundle of Mq about M. The set Mq is first discussed by H.Jacobowitz (see 



3 Localization formula on (i^^y^y-closed form 

Set £■ is a G-equivariant vector bundle, if V'^ is a connection on E which commutes with 
the action of G on Q{M, E), we see that 

for all X G 0. Then we can get a moment map by 

/.^(X) = Lf-[V^,^x] = Lf-Vf 

We known that if y be the tautological section of the bundle 'it*E over E, then the vertical 
component of Xe niay be identified with —ii^{X)y{see [1] proposition 7.6). 

If E is the tangent bundle TM and V^^ is Levi-Civita connection, then we have 

/x™(x)y = LxY - v™r = -v™x 

We known that for any Killing vector field X, fi^^{X) as linear endomorphisms of TM 
is skew-symmetric, —^^^{X) annihilates the tangent bundle TMq and induces a skew- 
symmetric automorphism of the normal bundle A/'(see [5] chapter II, proposition 2.2 and 
theorem 5.3). The restriction of //-^^(X) to M coincides with the moment endomorphism 
^,^{X). 

Let Go be the Lie subgroup of G which preserves the submanifold Mq, e.g. Let p G Mq, 
Z G 00! we have exp{—tZ)p = g G Mq, here go is the Lie algebra of Go- We assume that 
the local 1-parameter transformations exp(— tX), exp(— tl") G Gq. We have that Go acts on 
the normal bundle J\f. The vector field X-^'^ and F are vertical and are given at the point 
{x,y) e MoxAf^ by the vectors -^i^{X)y, -^^{Y)y G M^. 

We construct a one-form a on M: 

Z e TiTM) ^ aiZ) =< -fx-^{X)y, V^y > +V^ < -f,-^{Y)y, V^y > 



Let Zx,Z2 G V(TM\ we known da{Zi, Z2) = Zia{Z2) — Z2a{Zi) — a{[Zi, Z2]), so 

da{Z„Z2) =< -V^yiX)y,V^^y >-< -V^^^-^(X)y, V^^y > 

+ yZi < -Vl^^^{Y)y, V^y > - v^ < -Vlfi^{Y)y, V^y > 
+ < -fi-^iX)y, R-^iZ,, Z2)y > +V^ < -fi-^iY)y, R-^iZ,, Z2)y > 



Recall that V^ is invariant under Lx for all X e g, so that [V-^, fi-^iX)] = 0, [V-^, /x-^(F)] 
0. And by X, Y are Killing vector field, we have da equals 

2 < -(^-^(X) + v^^-^(y))., . > + < -f,-^{X)y - V^^-^{Y)y, R^y > 

And by IXatP =< iJ,-^iX)y, ii-^iX)y >, \Ym\^ =< ^^ {Y)y , ^/^ {Y)y >. So We can get 

d 



xj,+^iyAXj^ + v^y^) = -2 < (/i-^ (X) + v^^-^ (y))., . > 

+ < -f^-^{X)y - V^^-^{Y)y, -^•^(X)y - V^^i-^{Y)y + i?-^?/ > 

Theorem 1. Let M be a smooth closed oriented manifold, G be a compact Lie group act- 
ing smoothly on M. For any rj G H'^.rziyi^)' [^m^Ym] = 0, let Go be the Lie sub- 
group of G which preserves the submanifold Mq and the local 1 -parameter transformations 
exp{—tX),exp{—tY) G Go, the following identity hold: 



V 



M 



V 



^l^{x)-^/^T^l■^iY)+R■^-^ 



Mo Pf [ 



Proof. Set s = ^, so by Lemma 4. we get 



V 



M 



M 



exp{- — (rf 



X+V^Y 



{X' + V^Y'))}rj 



Let y is a neighborhood of Mq in A/". We identify a tubular neighborhood of Mq in M with 
V. Set V' C V. When t -^ 0, because {Xm{x) + y/^YM{x),XM{x) + \/^Ym{x)) 7^ out 
of Mq, so we have 



Because 



1 



,exp{- — (d;f+^3Ty 



(X' + v^y'))}r^ = J^^ exp{-i(d^^^^^^(A;- + v^F;,))}/] 



then 



J^ exp{-l(d^+^^(X' + v^y'))}r] = 

[ exp{l < (^-^(A) + v^/x-^(F))., ■ > +^ < ^^(X)y + v^/x-^(y)i/, R'^y >}v 
Jv' t ^t 

+ /, exp{-i < -/i-^(A)y - v^/x-^(F)i/, -li''{X)y - ^/^^/'{Y)y >}ri 



By making the change of variables y = ^/iy, we find that the above formula is equal to 

r / exp{i < (^-^(X) + v^^-^(y))., ■ > +i < f,-^iX)y + V^f,-^iY)y, R^y >}r; 
Jv' i ^ 



we known that 






n\ 



(Pf(^-^(X) + v/-l/x-^(Y)))dy 



here dy is the volume form of the submanifold Mq, let 2n be the dimension of Mq, then we 
get 



.Ml 



M/ 



dM„ 



.Ml 



.Ml 



exp{- < ^i^{X)y + ^-l^i^{Y)y,R^y >}r,dei{^i^ {X) + ^-lii^ {Y))-2dy^ A ... A (ii/„ 
V' 2 

+ /" exp{-i < -lJ.^{X)y - v^^-^(r)y, -^•^(X)y - ^/^IJ.^ {Y)y >}r^ 
Jv' 2 

Because by [Xm,Ym] = we have [^™(X), ^™(F)] = 0. And by -/x-^(X) - v/^/U-^ll'), 
i?-^''^ are skew-symmetric, so we get 

= / eM~]-<-i/^{X)y-V^^i^{Y)y,-^x^{X)y-V^^i^{Y)y + R^y>}dy^A...Adyn 
Jv' 2 

• det(/i-^(X) + y^/i-^(y))5r/ 

= /" (27r)"det(;U-^(X) + y^/i-^(y))"^det(-/x-^(X)-v/^^-^(y) + i?-^)-i 

• det(/i-^(X) + v^^/i-^(y))^r/ 
(27r)"det(-/i-^(X) - yri^-^(r) + R^yhr^ 

V 



Mo 



M„ Pf[ 



27r J 



D 



By theorem l.,we can get the localization formulas of Berline and Vergne(see [2] or [3]). 

Corollery 1 (N. Berline and M.Vergne). Let M be a smooth closed oriented manifold, G be 
a compact Lie group acting smoothly on M. For any rj G Hx{M), let Gq he the Lie subgroup 
of G which preserves the submanifold Mq = {x G M | Xm{x) = 0}, the following identity 
hold: 

f V 



M J Mq Pf[ 



2-K \ 



Proof. Because Mq = {x G M | Xm{x) = 0}, we have exp{—tX)p = p for p G Mq, so 
exp(— tX) G Gq. By theorem 1., we set Y = 0, then we get the result. D 



4 Localization formulas for characteristic numbers 

Let M be an even dimensional compact oriented manifold without boundary, G be a 
compact Lie group acting smoothly on M and Q be its Lie algebra. Let g^^^ be a G-invariant 
Riemannian metric on TM, V"^^ is the Levi-Civita connection associated to g'^^' . Here V^^ 
is a G-invariant connection, we see that [V^*^, -^Xm] = for all X E Q. 

The equivariant connection V"^^ is the operator on ^2* (M, TM) corresponding to a G- 
invariant connection V^^ is defined by the formula 

V - V + ^Xm+V^Ym 

here Xm, Ym be the smooth vector field on M corresponded to X, y G g. 

Lemma 5. The operator V"^^ preserves the space Vt*^ r^y (M, TM) which is the space 
of smooth {Xm + y/ —IYm) -invariant forms with values in TM. 

Proof. Let u G ^2* , ^^,. (M), then we have 

^Xm 



M + ^Z-i-'M' 



(V™ + ^XM+V^nJl^^M + V^^^m)^ 







So we get V™a; G n*^^^^^^^^^ (M, TM). D 

We will also denote the restriction of V"^^ to fit , ^-.^ (M, TM) by V^^. 

The equivariant curvature R'^^ of the equivariant connection V"^^ is defined by the 
formula(see [1]) 

^ - (V j - Lxm - V-IWm 
It is the element of n*^^^^^^^y^^{M, End{TM)). We see that 



= /2™ + [V™, .XM+^nJ - ^x., - v^L^, 

?TM ,.TMiv\ I — T..TM 



Lemma 6. The equivariant curvature B^^ satisfies the equvariant Bianchi formula 



Proof. Because 

[V™, ^™] = [V™, (V™)^ - Lx,, - y/^LyJ 

= [V™, (V™)^] + [V™ + ^x.,^v-lyM, -Lx^. - ^^LyJ 
= 

D 

Now we to construct the equivariant characteristic forms by R^^ . If f{x) is a polynomial 
in the indeterminate x, then f{R^^) is an element of fi^ , /3iy {M, End(TM)). We use 
the trace map 

Tr : fi;,,,+^^,/M,i?nrf(TM)) ^ fi;,,,+^^,,(M) 

to obtain an element of Q* r—r iM)i which we call an equivariant characteristic form. 



Lemma 7. The equivariant differential form Tr(/(/?^^)) is (Ix^jj^^/^Ym'^^'^^^^' ^"'^ ^^^ equiv- 
ariant cohomology class is independent of the choice of the G-invariant connection V'^^. 

Proof. If a G ^2^ r—ry (M, End{TM)), because in local V"^^ = d + u, we have 

= Tr([V™,a]) 
then by the equivariant Bianchi identity \/tm j:^tm _ g^ ^g gg^ 

Let V™ is a one-parameter family of G-invariant connections with equivariant curvature 
Rf^. We have 

^Tr(/(^™))=Tr(^/(f?™)) 

= Tr(^^^/(^™)) 

= Tr([V™,^]/'(i?™)) 

_ rlXlTM _ 

= Tr([Vr^,^/(i?™)]) 

= <'-V„+v-Iv„Tr(^/'(«r"')) 
from which we get 

IY(/(i?™)) - Tr(/(i?r)) = ^XM+v/^n, I Tr(^/(i?™))rft 



so we get the result. D 

As an application of Theorem 1., we can get the following localization formulas for char- 
acteristic numbers 

Theorem 2. Let M he an 21 -dim compact oriented manifold without boundary, G be a com- 
pact Lie group acting smoothly on M and q be its Lie algebra. Let X,Y E g, and Xm, Ym be 
the corresponding smooth vector field on M. Mq is the submanifold descriped in section 2. If 
f{x) is a polynomial, then we have 

TM,, f Tr(/(i?^^)) 



/ Tr(/(i?™)) = / 



pjr-M^(X)-, 


/^M-^(Y)+R-^n 
2n -1 






^Xm+V 


'^Ym 


-closed. And by Theorem 1., 


, we 


get 
D 



Proof. By Lemma 7., we have Tr(/(i?^^)) is d 
the result. 

We can use this formula to compute these characteristic numbers of M, especially we can 
use it to Euler characteristic of M. Here we didn't to give the details. 
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